In this paper, we modify and generalize the concept of weakly α-contractive mappings and establish some new fixed point theorems for such mappings. We give an example to illustrate the main result.
Introduction and preliminaries
The Banach contraction principle [5] is very important and popular tool for solving existence problems in mathematical analysis. This famous theorem is generalized by many authors in various direction (see [2, 3, 4, 8, 10, 11, 12, 13, 14, 15, 16, 17, 22, 27, 28, 30, 31, 33, 34, 35, 36, 38, 43] and reference therein).
Alber et al. [1] introduced the notion of weakly contractive mappings in Hilbert spaces and proved that any weakly contractive mapping defined on complete Hilbert spaces has a unique fixed point. Since then, many authors ( [6, 9, 18, 19, 20, 21, 23, 25, 26, 29, 39, 42, 44] and reference therein) investigated fixed point results for weakly contractive type mappings.
Samet et al. [41] introduced the notion of α-φ-contractive mapping in metric spaces and obtained corresponding fixed point theorem.
Recently, Cho [9] introduced the concept of weakly α-contractive mappings and gave a fixed point theorem for such mappings. He proved the following theorem. for all x, y ∈ X, where φ : [0, ∞) → [0, ∞) is a function such that φ is positive on (0, ∞), φ(0) = 0 and lim t→∞ φ(t) = ∞.
Suppose that the following are satisfied:
(1) for each x, y, z ∈ X, α(x, y) ≥ 1 and α(y, z) ≥ 1 implies α(x, z) ≥ 1;
(2) T is α-admissible, i.e. for all x, y ∈ X, α(x, y) ≥ 1 implies α(T x, T y) ≥ 1; Then T has a fixed point in X. Further if, for all x, y ∈ X, there exists z ∈ X such that α(x, z) ≥ 1 and α(y, z) ≥ 1, then T has a unique fixed point.
Very recently, Salim et al. [40] gave generalizations of the results of Samet et al. [41] and Karapinar et al. [32] .
) be a complete metric space, and let α, η : X × X → [0, ∞) be functions. Assume that a mapping T : X → X satisfies the following:
for all x, y ∈ X, α(x, y) ≥ η(x, y) implies d(T x, T y) ≤ ψ(l(x, y)) where ψ : [0, ∞) → [0, ∞) is nondecreasing and ∞ n=1 ψ n (t) < ∞ for each t > 0, ψ n is the n-th iteration of ψ, and l(x, y) = max{d(x, y), 1 2 {d(x, T x) + d(y, T y)}, 1 2 {d(x, T y) + d(y, T x)}}. Suppose that the following assertions are satisfied:
(1) T is α-admissible mapping with respect to η, i.e. for all x, y ∈ X, α(x, y) ≥ η(x, y) implies α(T x, T y) ≥ η(T x, T y);
either T is continuous or for any sequence {x n } in X with α(x n , x n+1 ) ≥ η(x n , x n+1 ) for all n ∈ N ∪ {0} and lim n→∞ x n = x, we have α(x n , x) ≥ η(x n , x) for all n ∈ N ∪ {0}.
Then T has a fixed point in X.
In this paper, we establsh some new fixed point theorems for weakly contractive type mappings, which are generalizations of the existing results [9, 29, 39] . We give an example to supporting the main result.
Finally, we give an application of our result for weakly contractive type mappings to integral equations.
We denote by Ψ the class of all nondecreasing and continuous functions ψ : [0, ∞) → [0, ∞) such that ψ(t) = 0 if and only if t = 0. Also, we denote by Φ the family of all functions φ : [0, ∞) → [0, ∞) such that, for all t > 0, φ(t) > 0 and φ(0) = 0, Let (X, d) be a metric space, and let α, η : X × X → [0, ∞) be functions. We consider the following conditions:
(1) for any sequence {x n } in X with α(x n , x n+1 ) ≥ η(x n , x n+1 ) for all n ∈ N and lim n→∞ x n = x, we have
(2) for any sequence {x n } in X with α(x n , x n+1 ) ≥ η(x n , x n+1 ) for all n ∈ N and a cluster point x of {x n }, we have
(3) for any sequence {x n } in X with α(x n , x n+1 ) ≥ η(x n , x n+1 ) for all n ∈ N and a cluster point x of {x n }, there exists a subsequence {x n(k) } of {x n } such that
Note that (1) implies (2), and (2) implies (3).
Fixed point theorems
Let (X, d) be a metric space. For a mapping T : X → X and x, y ∈ X, we denote
From now on, let ψ ∈ Ψ and φ ∈ Φ be such that ψ(t) − φ(s) ≥ 0 for all t − s ≥ 0.
Theorem 2.1. Let (X, d) be a complete metric space, and let α, η : X×X → [0, ∞) be functions. Suppose that T : X → X is an α-admissible mapping with respect to η.
Assume that, for all x, y ∈ X, α(x, y) ≥ η(x, y) implies
where φ is nondecreasing. Also, suppose that the following are satisfied:
(1) for each x, y, z ∈ X, α(x, y) ≥ η(x, y) and α(y, z) ≥ η(y, z) implies α(x, z) ≥ η(x, z);
either T is continuous or for a sequence {x n } in X with α(x n , x n+1 ) ≥ η(x n , x n+1 ) for all n ∈ N and a cluster point x of {x n }, there exists a subsequence {x n(k) } of {x n } such that, for all k ∈ N,
. Define a sequence {x n } ⊂ X by x n+1 = T x n for all n ∈ N. If x n = x n+1 for some n ∈ N, then x n is a fixed point of T , and the proof is finished.
Assume that x n = x n+1 for all n ∈ N.
, and since T is α-admissible mapping with respect to η, we have α(
By induction, we obtain
for all n ∈ N. Then, applying (2.1) with x = x n and y = x n+1 we have
Then, we obtain
which implies φ(d(x n+1 , x n+2 )) = 0, and so d(x n+1 , x n+2 ) = 0, which is a contradiction.
Thus, from (2.4) we have
) for all n ∈ N, and so the sequence {d(x n , x n+1 )} is nonnegtive and nonincreasing. Hence there exists r ≥ 0 such that
Letting n → ∞ in the inequality (2.5), we have
Hence, φ(r) = 0, and hence r = 0. Thus,
We now show that {x n } is a Cauchy sequence. Suppose that {x n } is not a Cauchy sequence. Then there exists > 0 for which we can find two sequences of positive integers {m(k)} and {n(k)} such that for all k > 0
where m(k), n(k) are the smallest numbers satisfying the condition above.
Then we have
Letting k → ∞ in the above inequality, we have
By using (2.6) and (2.7), we obtain lim k→∞ d(
From (1) and (2.3) we have α(
) for sufficiently large k. Hence, we have
So φ( 1 2 ) = 0, and = 0, which is a contradiction. Thus, {x n } is a Cauchy sequence.
It follows from the completeness of X that there exists
If T is continuous, then lim n→∞ x n = T x * , and so x * = T x * . Assume that (2.2) is satisfied. Then, there exists a subsequence
Thus we have
d(x * , T x * ) for sufficiently large k. Since φ is nondecreasing, φ(n(x n(k) , x * )) > φ( 1 2 d(x * , T x * )) for sufficiently large k. Letting k → ∞ in the inequality (2.8), and using continuity of ψ, we obtain
which implies φ(
d(x * , T x * )) = 0. Hence, d(x * , T x * ) = 0, and hence x * is a fixed point of T .
Note that if α(x, y) = η(x, y) = 1 for all x, y ∈ X in Theorem 2.1, then T has a unique fixed point.
A mapping T : X → X satisfying (2.1) is more general than that satisfying
for all x, y ∈ X with α(x, y) ≥ η(x, y), where 0 ≤ k < 1 and is included in those mapping which satisfy
for all x, y ∈ X with α(x, y) ≥ η(x, y).
Remark 2.1. If α(x, y) = η(x, y) = 1 for all x, y ∈ X in Theorem 2.1, then it reduces to Theorem 3.1 of [20] .
Example 2.1. Let X = [0, ∞), and let
Define a mapping T : X → X by
Let ψ(t) = t and φ(t) = (0 ≤ x, y ≤ 1), 5 otherwise.
Obviously, conditions (1) and (3) of Theorem 2.1 is satisfied. Condition (2) of Theorem 2.1 is satisfied with x 1 = 1.
We show that (2.1) is satisfied. Let x, y ∈ X be such that α(x, y) ≥ η(x, y). Then, 0 ≤ x, y ≤ 1. If x = y, then obviously (2.1) is satisfied. Let x < y. Then, we have n(x, y) = y. Hence, we obtain
Thus, (2.1) is satisfied. Let x, y ∈ X such that α(x, y) ≥ η(x, y). Then x, y ∈ [0, 1], and so T x ∈ [0, 1], T y ∈ [0, 1] and α(T x, T y) = 4 ≥ η(T x, T y). Hence T is α-admissible with respect to η. Thus, all hypothesis of Theorem 2.1 are satisfied, and T has a fixed point x * = 0.
Note that T is not weakly α-contractive. In fact, α(
, 1)), for any nondecreasing function ϕ ∈ Φ. (2, 1) ), for any nondecreasing function ϕ ∈ Φ. Corollary 2.2. Let (X, d) be a complete metric space, and let α, η : X × X → [0, ∞) be functions. Suppose that T : X → X is an α-admissible mapping with respect to η.
Also, T is not weakly contractive, because
where φ is nondecreasing. If conditions (1), (2) and (3) of Theorem 2.1 are satisfied, then T has a fixed point in X.
Corollary 2.3. Let (X, d) be a complete metric space, and let α, η : X × X → [0, ∞) be functions. Suppose that T : X → X is an α-admissible mapping with respect to η.
where φ is nondecreasing. If conditions (1), (2) and (3) Corollary 2.4. Let (X, d) be a complete metric space, and let α, η : X × X → [0, ∞) be functions. Suppose that T : X → X is an α-admissible mapping with respect to η.
where φ is nondecreasing. If conditions (1), (2) and (3) (2) If α(x, y) = η(x, y) = 1 for all x, y ∈ X and ψ(t) = t for all t ≥ 0, then Corollary 2.4 reduces Theorem 1 of [39] . Corollary 2.5. Let (X, d) be a complete metric space, and let α, η : X × X → [0, ∞) be functions. Suppose that T : X → X is an α-admissible mapping with respect to η.
where φ is nondecreasing. If conditions (1),(2) and (3) of Theorem 2.1 are satisfied, then T has a fixed point in X.
Remark 2.4. If α(x, y) = η(x, y) = 1 for all x, y ∈ X and ψ(t) = t for all t ≥ 0 and φ(t) = (1 − k)t for all t ≥ 0, where 0 ≤ k < 1, then Corollary 2.5 reduces the main result of [24] . Corollary 2.6. Let (X, d) be a complete metric space, and let α, η : X × X → [0, ∞) be functions. Suppose that T : X → X is an α-admissible mapping with respect to η.
Remark 2.5. If α(x, y) = η(x, y) = 1 for all x, y ∈ X and ψ(t) = t for all t ≥ 0 and φ(t) = (1 − k)t for all t ≥ 0, where 0 ≤ k < 1, then Corollary 2.6 reduces the main result of [7] . Corollary 2.7. Let (X, d) be a complete metric space, and let α, η : X × X → [0, ∞) be functions. Suppose that T : X → X is an α-admissible mapping with respect to η.
Let T : X → X be an α-admissible mapping with respect to η. Note that if η(x, y) = 1 then T is α-admissible.
If we have η(x, y) = 1 in Theorem 2.1, then we obtain the following result.
Corollary 2.8. Let (X, d) be a complete metric space, and let α : X × X → [0, ∞) be a function. Suppose that T : X → X is an α-admissible mapping.
Assume that, for all x, y ∈ X, α(x, y) ≥ 1 implies
(2) there exists x 1 ∈ X such that α(x 1 , T x 1 ) ≥ 1;
(3) either T is continuous or if {x n } ⊂ X is a sequence with α(x n , x n+1 ) ≥ 1 for all n ∈ N and x is a cluster point of {x n } then there exists a subsequence {x n(k) } of {x n } such that, for all k ∈ N,
By taking α(x, y) = 1 in Theorem 2.1, we have the following result.
Corollary 2.9. Let (X, d) be a complete metric space, and let η : X × X → [0, ∞) be functions. Suppose that T : X → X is an η-subadmissible mapping, that is, for all x, y ∈ X, η(x, y) ≤ 1 implies η(T x, T y) ≤ 1.
Assume that, for all x, y ∈ X, η(x, y) ≤ 1 implies
(1) for each x, y, z ∈ X, η(x, y) ≤ 1 and η(y, z) ≤ 1 implies η(x, z) ≤ 1;
(2) there exists x 1 ∈ X such that η(x 1 , T x 1 ) ≤ 1;
(3) either T is continuous or if {x n } ⊂ X is a sequence with η(x n , x n+1 ) ≤ 1 for all n ∈ N and x is a cluster point of {x n } then there exists a subsequence {x n(k) } of {x n } such that, for all k ∈ N,
From Corollary 2.8 we have the following result.
Corollary 2.10. Let (X, d) be a complete metric space, and let α : X ×X → [0, ∞) be a function. Suppose that T : X → X is an α-admissible mapping.
Assume that the following is satisfied:
for all x, y ∈ X, where φ is nondecreasing. If conditions (1), (2) and (3) of Corollary 2.8 are satisfied, then T has a fixed point in X.
Remark 2.6. In Corollary 2.8, Corollary 2.9 and Corollary 2.10, if we have M (x, y) = m(x, y) then the conclusion holds.
Theorem 2.11. Let (X, d) be a complete metric space, and let α : X ×X → [0, ∞) be a function. Suppose that T : X → X is an α-admissible mapping.
for all x, y ∈ X, where φ is nondecreasing. Also, suppose that conditions (1) and (2) of Corollary 2.8 are satisfied. If either T is continuous or
for a cluster point x of a sequence {x n } ⊂ X with α(x n , x n+1 ) ≥ 1 for all n ∈ N, then T has a fixed point in X.
Proof. Let x n+1 = T x n for all n ∈ N. Then, as in proof of Theorem 2.1 (with η(x, y) = 1 for all x, y ∈ X), {x n } is a Cauchy sequence such that α(x n , x n+1 ) ≥ 1 for all n ∈ N.
Let x * = lim n→∞ x n ∈ X. If T is continuous, then lim n→∞ x n = T x * , and so x * = T x * .
Suppose that (2.10) is satisfied. Then, we have
Form (2.9), we obtain
Hence, pψ(d(x * , T x * )) ≤ 0, and hence d(x * , T x * ) = 0. Thus, x * = T x * .
Remark 2.7.
(1) If we have ψ(t) = t for all t ≥ 0 in Theorem 2.11, then we obtain Theorem 2.1 of [9] .
(2) If α(x, y) = 1 for all x, y ∈ X, then Theorem 2.11 reduces to Theorem 2.1 of [26] without continuity of φ. 
Consider the following integral equation:
and let F : X → X defined by (d) if {x n } is a sequence in X such that lim n→∞ x n = x ∈ X and ξ(x n , x n+1 ) ≥ 0 for all n ∈ N ∪ {0}, then ξ(x n , x) ≥ 0 for all n ∈ N ∪ {0};
T 0 S(t, s)ds ≤ 1 for all t ∈ [0, T ] and s ∈ R.
Theorem 3.1. Suppose that conditions (a)-(e) are satisfied. Then the integral equation (3.1) has at least one solution in X.
Proof. Consider the mapping F : X → X defined by (3.2) .
Let x, y ∈ X such that ξ(x, y) ≥ 0. where φ(t) = t − ln(t + 1). (Note that φ ∈ Φ.) Thus we have T x − T y ∞ ≤ x − y ∞ − φ( x − y ∞ ) for all x, y ∈ X with ξ(x(t), y(t)) ≥ 0 for all t ∈ [0, T ].
We define α : X × X → [0, ∞) by α(x, y) = 1, if ξ(x(t), y(t)) ≥ 0, t ∈ [0, T ], 0, otherwise .
Then, for all x, y ∈ X, α(x, y) ≥ 1 implies T x − T y ∞ ≤ x − y ∞ − φ( x − y ∞ ).
All of the hypothesis of Corollary 2.4 with η(x, y) = 1 for all x, y ∈ X and ψ(t) = t for all t are satisfied. Thus, T has a fixed point that is a solution of the integal eqation (3.1).
